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Tractor-Trailer System

𝑥𝑡 , 𝑦𝑡

Trailer steering 𝛿𝑖

Front wheel steering 𝛿

Powered rear wheels 𝑉

Hitch𝑥𝑖 , 𝑦𝑖

Trailer Tractor
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Offset model and reference path tracking

Stationary reference frame
ሶ𝑥𝑡 = 𝑉 − 𝑉𝑙𝑟 cos 𝜃𝑡 − 𝑉𝑠𝑟 sin 𝜃𝑡

ሶ𝑦𝑡 = 𝑉 − 𝑉𝑙𝑟 sin 𝜃𝑡 + 𝑉𝑠𝑟 cos 𝜃𝑡

ሶ𝜃𝑡 =
𝑉 − 𝑉𝑙𝑟

𝑙1
tan 𝛿 + 𝛽𝑓 +

𝑉𝑠𝑟

𝑙1
= Ω𝑡

ሶ𝑥𝑖 = ሶ𝑥𝑡 + Ω𝑡𝑎 sin 𝜃𝑡 + Ω𝑖𝑙2 ∗ sin 𝜃𝑖

ሶ𝑦𝑖 = ሶ𝑥𝑡 + Ω𝑡𝑎 cos 𝜃𝑡 + Ω𝑖𝑙2 ∗ cos 𝜃𝑖

ሶ𝜙 =
1

𝑙2 cos 𝛿𝑖
− 𝑉 − 𝑉𝑙𝑟 sin 𝛿𝑖 + 𝜙 + 𝑉𝑠𝑟 cos 𝛿𝑖 + 𝜙 − Ω𝑡 𝑎 cos 𝛿𝑖 + 𝜙 + 𝑙2 cos 𝛿𝑖 − 𝑉𝑠𝑖 = 𝜃𝑖 − 𝜃𝑡

Decoupled Error Model (rotating reference frame)

Tractor:  ൞

ሶ𝑙𝑜𝑠 = −𝜎 𝑉 − 𝑉𝑙𝑟 sin 𝜃𝑜𝑠 − 𝜎𝑉𝑠𝑟 cos 𝜃𝑜𝑠

ሶ𝜃𝑜𝑠 =
𝑉 − 𝑉𝑙𝑟

𝑙1
tan 𝛿 + 𝛽𝑓 +

𝑉𝑠𝑟

𝑙1
− 𝜎 𝑉 − 𝑉𝑙𝑟

cos 𝜃𝑜𝑠

𝑅1 + 𝑙𝑜𝑠
+ 𝜎𝑉𝑠𝑟

sin 𝜃𝑜𝑠

𝑅1 + 𝑙𝑜𝑠

Trailer:  ൛𝑙2 cos 𝛿𝑖
ሶ𝜙𝑜𝑠 = − 𝑉 − 𝑉𝑙𝑟 sin 𝛿𝑖 + 𝜙𝑜𝑠 + 𝜙𝑑 + 𝑉𝑠𝑟 cos 𝛿𝑖 + 𝜙𝑜𝑠 + 𝜙𝑑

−
𝑉 − 𝑉𝑙𝑟

𝑙1
tan 𝛿 + 𝛽𝑓 +

𝑉𝑠𝑟

𝑙1
𝑎 cos 𝛿𝑖 + 𝜙𝑜𝑠 + 𝜙𝑑 + 𝑙2 cos 𝛿𝑖 − 𝑉𝑠𝑖

assume 𝜁 = 1, 𝑉 > 𝑉𝑙𝑟 > 0

Require 𝑅1
2 > 𝑙2

2 − 𝑎2
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Indirect MRAC for the tractor with adaptive ISS backstepping

Reference Model:

ሶ𝑥𝑚 =
0 1

−𝜔𝑛
2 −2𝜁𝜔𝑛

𝑥𝑚 +
0

𝜔𝑛
2 𝑟 𝑡

Error terms:

𝑒 ≔ 𝑥𝑚 − 𝑥 →  
𝑒1: = 𝑥𝑚1

− 𝑥1

𝑒2: = 𝑥𝑚2
− 𝜉2

Error Model:

ሶ𝑒1

ሶ𝑒2
=

𝑒2 − Δ1

−𝜔𝑛
2𝑥𝑚1

− 2𝜁𝜔𝑛𝑥𝑚2
+ 𝜔𝑛

2𝑟 𝑡 − 𝑓 −
1

𝑙1
𝑔𝑢 − Δ2

1st order system: ሶ𝑒1 = 𝑘0 − Δ1

𝑉0 =
𝑒1

2

2
 , 𝑘0 = −𝜇𝑒1 = − 𝑐1 + 𝑐2 𝑒1, 𝜇, 𝑐1, 𝑐2 > 0

ሶ𝑉0 =  −𝑐1𝑒1
2 − 𝑐2𝑒1

2 − Δ1𝑒1 −
Δ1

2

4𝑐2
+

Δ1
2

4𝑐2
= −𝑐1𝑒1

2 − 𝑐2 𝑒1 +
Δ1

2𝑐2

2

+
Δ1

2

4𝑐2

≤ −𝑐1𝑒1
2 +

Δ1
2

4𝑐2
=  −𝛼0 𝑒1 + 𝜒0 Δ1

Where Δ1 ≤ 𝑉𝑙𝑟 + 𝑉𝑠𝑟

2nd order system: 
ሶ𝑒1 = 𝑒2 − Δ1

ሶ𝑒2 = −𝜔𝑛
2𝑥𝑚1

− 2𝜁𝜔𝑛𝑥𝑚2
+ 𝜔𝑛

2𝑟 𝑡 − 𝑓 −
1

𝑙1
𝑔𝑘1 − Δ2

𝑉1 = 𝑉0 +
1

2
𝑒2 − 𝑘0

2 +
𝑙1

2
1 −

෡𝑙1

𝑙1

2

Let 𝑘1 = 𝑢1 + 𝑢2 and ሶመ𝑙1 = 𝜏1 + 𝜏2

Use 𝑢1, 𝜏1  to deal with the undisturbed system, and 𝑢2, 𝜏2 to deal 

with Δ1, Δ2

Let 𝑧 = 𝑒2 − 𝑘0 , 𝛽 = 𝑒1 − 𝜔𝑛
2𝑥𝑚1

− 2𝜁𝜔𝑛𝑥𝑚2
+ 𝜔𝑛

2𝑟 𝑡 − 𝑓 + 𝜇𝑒2

𝑢1 =
෡𝑙1

𝑔
𝑒1 − 𝜔𝑛

2𝑥𝑚1
− 2𝜁𝜔𝑛𝑥𝑚2

+ 𝜔𝑛
2𝑟 𝑡 − 𝑓 + 𝜇𝑒2 + 𝑧

𝑢2 =
෡𝑙1

𝑔
𝑧 + 𝑧𝜇2

𝜏1 = 𝑧𝛽
𝜏2 = 𝑧2 1 + 𝜇2

ሶ𝑉 < −𝜇𝑒1
2 −

෡𝑙1

𝑙1
𝑧2 +

Δ2
2

4
+

Δ1
2

4
+

Δ1
2

4𝑐2
= −𝛼1

𝑒1

𝑒2
+ 𝜒1

Δ1

Δ2
, ∀𝑒 ≠ 0, Δ

Tuning law: ሶመ𝑙1 = 𝛾 𝜏1 + 𝜏2

Control Law: 𝑢 = 𝑢1 + 𝑢2
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Baseline controller for L1 adaptive controller

Coordinate transformation

𝑥1 = 𝑙𝑜𝑠

𝑥2 = −𝜎Vsin 𝜃𝑜𝑠

𝑢 = tan 𝛿

Simplified tractor error model with lumped disturbances
ሶ𝑥1

ሶ𝑥2
=

0 1
0 0

+
0
1

𝑓 𝑥 + 𝐺(𝑥)𝑢 +
Δ1 𝑥, 𝑤
Δ2(𝑥, 𝑤)

• Assume 𝑙1 is an unknown parameter with positive sign

• 𝑓 𝑥 =
𝑉2−𝑥2

2

𝑅1+𝑥1

• 𝐺 𝑥 = −
𝜎𝑉

𝐿1
𝑉2 − 𝑥2

2

Introduce baseline controller 𝑢 = 𝑘𝑥𝑥 + 𝑢𝑎𝑑 , 𝑘𝑥 =
𝜔𝑛

2𝜁𝜔𝑛

ሶ𝑥 = 𝐴𝑚𝑥 + 𝑏𝑚
ҧ𝑓(𝑥) + 𝐺(𝑥)𝑢 + Δ

• ҧ𝑓 𝑥 =  𝑓 𝑥 + 1 + 𝐺 𝑥 𝑘𝑥
𝑇𝑥

• 𝐴𝑚 =
0 1

−𝜔𝑛
2 −2𝜁𝜔𝑛
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Linear Parametrization of Nonlinear systems and Linear Time-Varying 

representations of systems with unmodelled Actuator Dynamics 

Approximate the nonlinear functions ҧ𝑓 𝑥  and 𝐺 𝑥  to fit the ℒ1 architecture

ሶ𝑥 = 𝐴𝑚𝑥 + 𝑏𝑚
ҧ𝑓(𝑥) + 𝐺(𝑥)𝑢

Lemma A.8.1. Let 𝑥 𝑡  be a continuous and piecewise differentiable function of 𝑡 ≥ 0. If 
𝑥𝜏 ℒ∞

≤ 𝜌 and ሶ𝑥𝜏 ℒ∞
≤ 𝑑𝑥 for 𝜏 ≥ 0, where 𝜌 and 𝑑𝑥  are some positive constants, then 

there exists continuous 𝜃 𝑡  and 𝜎 𝑡  with continuous derivative such that for all 𝑡 ∈ 0, 𝜏

ҧ𝑓 𝑥 = 𝜃𝑡(𝑡) 𝑥 ∞ + 𝜎𝑡(𝑡)

where 

𝜕𝑓(𝑡, 𝑥)

𝜕𝑥
1

≤ 𝑑𝑓𝑥
𝛿 ,

𝜕𝑓 𝑡, 𝑥

𝜕𝑡
≤ 𝑑𝑓𝑡

𝛿

(conditions on Lemma A.8.1 hold for most of 𝑥1, 𝑥2 -plane and around (0,0)) 

Partial knowledge of the system input gain

𝐺 𝑥 = 𝜔 𝑡 ∈ 𝜔𝑙 , 𝜔𝑢 = 𝜖,
𝑉2

𝐿1
, 𝜎 = −1

Architecture suited for controller

ሶ𝑥 = 𝐴𝑚𝑥 + 𝑏𝑚 𝜔 𝑡 𝑢 + 𝜃𝑡(𝑡) 𝑥 ∞ + 𝜎𝑡(𝑡) 

M E 5 6 2

(3)

(4)

(5)



Figures 1.1 and  2.13 from  Hovakimyan, N., & Cao, C. (2010). L1 adaptive control theory : guaranteed robustness with fast adaptation . Society 
for Industrial and Applied Mathematics SIAM, 3600 Market Street, Floor 6, Philadelphia, PA 19104.
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L1 adaptive controller architecture

𝑥 𝑡 𝑥𝑟𝑒𝑓 𝑡𝑥𝑚 𝑡

MRAC ℒ1-adaptive control

ሶ𝑥𝑟𝑒𝑓 = 𝐴𝑚𝑥𝑟𝑒𝑓 + 𝑏 ҧ𝑓 𝑥𝑟𝑒𝑓 + 𝑔 𝑥𝑟𝑒𝑓 ∗ 𝑢𝑟𝑒𝑓

𝑢𝑟𝑒𝑓 𝑠 =
𝐶 𝑠

𝜔
𝑘𝑔𝑟 𝑠 − 𝜂𝑟𝑒𝑓 𝑠

ሶ𝑥𝑚 =
0 1

−𝜔𝑛
2 −2𝜁𝜔𝑛

𝑥𝑚 +
0

𝜔𝑛
2 𝑟 𝑡

• Tracking performance varies with Γ adaptation gain

• High frequency adaptation leads to high frequency control signal

• 𝜏𝑑 time delay margin decreases with Γ
• Adaptive parameters unbounded given input disturbance

• Guaranteed transients 𝑥 − 𝑥𝑟𝑒𝑓 ℒ1
≤ 𝑂

1

Γ

• 𝜔𝑐 bandwidth of 𝐶 𝑠  limits high frequency components in 𝑢 𝑡
• 𝜏𝑑 time delay margin decoupled from Γ

• Adaptive parameters adjust to guarantee transients
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L1-norm condition and filter design 𝐶(𝑠) =
𝜔𝑘𝐷 𝑠

1+𝜔𝑘𝐷 𝑠
, 𝑘 = 20

𝐻 𝑠 = 𝑠𝕀 − 𝐴𝑚
−1𝑏𝑚

𝐶 𝑠 =
𝜔𝑘𝐷 𝑠

1 + 𝜔𝑘𝐷 𝑠
𝐺 𝑠 = H s 1 − 𝐶 𝑠

ℒ1-norm condition

𝐺 𝑠 ℒ1
𝐿 < 1

𝐿 = max
Θ

𝜃 , 𝐺 𝑠 ℒ1
≡ 𝑔𝜏 ℒ1

= න
0

𝜏

𝑔 𝑡 𝑑𝑡 ≈ ෍

𝑘=1

𝑛

𝑔 𝑘Δ𝑡 Δ𝑡 

𝐷1 𝑠 =
1

𝑠
 → 𝐶1 𝑠 =

𝜔𝑘

𝑠 + 𝜔𝑘

𝐷2 𝑠 =
𝑠 + 30 

𝑠 𝑠 + 60
→ 𝐶2 𝑠 =

𝜔𝑘𝑠 + 30𝜔𝑘

𝑠2 + 60 + 𝜔𝑘 𝑠 + 30𝜔𝑘

𝜔 𝜔
𝐺

𝑠
ℒ

1

𝐺
𝑠

ℒ
1
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➢ Time delay margin based on when oscillations in 𝑙𝑜𝑠, 𝜃𝑜𝑠  start to grow
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Example search for time delay margin for 𝐶1 𝑠 , 𝑘 = 50, Γ = 1000
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Time delay margin for varying 𝑘, 𝐶𝑖 𝑠 , Γ for MRAC and ℒ1-adaptive control

102 103 104 105

ℒ𝟏 time delay margin becomes constant at 
high 𝚪

➢ Below Γ ≈ 25, system goes unstable
➢ Much higher than MRAC time delay margin
➢ Higher-order filter 𝐶2 𝑠  improves time delay 

margin at expense of performance

High bandwidth (increasing 𝒌, 𝐶 𝑠 =
𝑘𝐷 𝑠

1+𝑘𝐷 𝑠
) leads to loss of time delay margin

➢ Increasing bandwidth improves tracking 
performance

𝑘 ∝ 𝜔𝑐  Bandwidth

M E 5 6 2
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Example comparing performance between 𝐶1 𝑠  and 𝐶2 𝑠 , 𝑘 = 20, Γ = 1000

➢ Example of slower transient for 𝐶2 𝑠  for same 𝑘, Γ

➢ Higher order filter trades some performance for robustness (𝐶2 𝑠  has higher 𝜏𝑑) 
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Increasing bandwidth 𝑘 of filter improves tracking (transient speed)

➢ At higher bandwidth, high frequency components noticeable in control signal

➢ Below 𝑘 ≈ 8, system is unstable as ℒ1-norm condition fails
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Increasing Γ adaptive gain improves tracking for ℒ1

➢ Higher frequency components more noticeable in control signal with higher gain (still 

strongly attenuated) – control signal largely decoupled from Γ

➢  Insignificant increase in performance above Γ = 500

call out

call out
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System subject to constant input disturbance 𝑢 𝑡 = 𝑢𝑎𝑑 𝑡 + 𝑘𝑥
𝑇𝑥 + 𝐶, 𝛿 = tan−1 𝑢 𝑡

➢ ℒ1 adaptive parameter steady state values adjust

➢ MRAC adaptive parameters  slowly diverge, becomes extremely stiff



M E 5 6 2 G R A I NG E R  E N G I N E E R I N G

Comparing transient performance between MRAC and ℒ1-adaptive control for 

sinusoidal disturbance without retuning of Γ, 𝑢 𝑡 = 𝑢𝑎𝑑 𝑡 + 𝑘𝑥
𝑇𝑥 + 𝐴𝑠𝑖𝑛 10𝑡

➢ ℒ1-adaptive controller keeps adaptive parameters bounded due to projection – equations 

become excessively stiff for larger sinusoidal disturbances

➢ Indirect MRAC scheme designed with ISS-Backstepping has some robustness to 

disturbances (design parameter 𝜇) – Still has unbounded adaptive parameters
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Adjusting bandwidth 𝑘 subject, system subject to mid-frequency input 

disturbance 𝑢 𝑡 = 𝑢𝑎𝑑 𝑡 + 𝑘𝑥
𝑇𝑥 + 𝑠𝑖𝑛 10𝑡 , 𝛿 = tan−1 𝑢 𝑡

➢ Minimal improvement in tracking beyond 𝑘 = 10 to disturbance sin 10𝑡
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Effects of input disturbance sin 10𝑡  and bandwidth on control signal 𝑢𝑎𝑑 𝑡  and 𝑢(𝑡)

➢ For all bandwidths, control signal 𝑢(𝑡) similar although amplitude of 𝑢𝑎𝑑 𝑡  differ

Control Signal

Control Signal with disturbance
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Comparing response of MRAC and ℒ1-adaptive controller to state disturbances Δ
𝛽𝑓 ∈ −0.3, 0, 0.3

➢ ℒ1adaptive controller can tolerate front wheel disturbances better than MRAC

➢ ℒ1adaptive controller unstable beyond MRAC 𝛽𝑓 ≈ 0.5 rad, MRAC unstable beyond 𝛽𝑓 ≈ 0.3 rad
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Minimal difference in tracking a changing reference 𝑟 𝑡  for constant Γ between 

MRAC controller and ℒ1-adaptive controller

➢ Expect transient performance of MRAC controller to vary significantly for different reference 

inputs

➢ Equations become stiff for MRAC for more frequency piece-wise jumps in reference 𝑟(𝑡) 

while ℒ1-adaptive controller has no such trouble

➢ Step-change in control signal at step-change in reference 𝑟 𝑡

𝑟1 𝑡 𝑟2 𝑡
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Summary of observations and Conclusions

➢ High adaptive gain Γ leads to high frequency 

inputs 𝑢 𝑡

➢ Robustness (↓) and performance ↑  with Γ ↑

➢ Minimal time delay margin 𝜏𝑑 which decreases 

with Γ

➢ unbounded parameter drift to input 

disturbances 𝑢𝑑 𝑡

➢ ISS-backstepping design may provide some 

robustness to input disturbances

➢ No guaranteed transients

➢ Cannot guarantee performance when 𝑟 𝑡  

changes

➢ Decouples Γ from 𝑢𝑎𝑑 𝑡  using LPF 𝐶 𝑠

➢ Γ ↑  has minimal effect on time delay margin 𝜏𝑑

➢ Bandwidth 𝑘 ↑  improves tracking, allowing higher 

frequencies in 𝑢𝑎𝑑 𝑡 , reduces time delay margin 

𝜏𝑑 ↓

➢ Higher time delay margin 𝜏𝑑 for all cases tested 

than MRAC

➢ Lower frequency control signals for same 

performance, same input disturbances 𝑢𝑑  and 

same piece-wise continuous references 𝑟 𝑡

➢ Guaranteed transient envelope 𝑥 − 𝑥𝑟𝑒𝑓  which 

can be adjusted by tuning LPF 𝐶(𝑠) and Γ

MRACℒ1-adaptive control

➢ ℒ1 adaptive control would help where transients risk destroying crops at corners of fields 

➢ Possesses sufficient robustness to surface property and topological disturbances
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