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Tractor-Trailer System
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Offset model and reference path tracking

Stationary reference frame

( (V Vlr) COS(Qt) Vsr Sln(gt)
yt = (V = V) sin(6,) + Vg, cos(6,)
. V=1, Ver
0, = ; tan(5 + ,Bf) + — =
1

X; = Xy + Qeasin(6,) + Q; lz * sm(@i)
y; = X% + Qracos(8;) + Q;l, * cos(6;)

P = T costop "V~ Vir) sin(Bi + @) + Vey cos(8; + ¢) = Qeacos(di + ) + 1o cos(6)) ~ V) = 6 = 0

assume ¢ =1,V>1V, >0
Require R? > 12 — a?

A4

Decoupled Error Model (rotating reference frame)

l,s = —o(V —V;,) sin(8,5) — aVi, cos(6,5)
Tractor: { . V=V, Ver cos(8,) sin(6,)
= “tan(8 + Bf) + L — o(V — 2 05
o ll an( ’Bf) 1 G( lr) 1 + los o%or Rl + los

Trailer: {lz c0s(8;) pos = — (V = V) sin(8; + @5 + ¢ g) + Vir cos(8; + pps + @ g)
_ (V l Vir “tan(8 + ff) + —) (acos(8; + Ppos + Pa) + 1, cos(8y)) —
1
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Indirect MRAC for the tractor with adaptive ISS backstepping

Reference Model:
) _( 0 1 ) +(O) (t)
mT—wd —20w,) M T \wE) "

el: = xm1 — x1

€2:= Xm, — P

Error terms:
e =Xp—X—

Error Model:
. e, — Ay
(&) = —az ; !
€y —WpXm, — 2{WpXm, + 0pr(t) — f — g A,
1

1st order system: ¢; = ky — A,

Where Ay < [V, | + |V, ]

2
€1
VO — 7 ,kO = —ue; = —(C1 + CZ)ell U, Cq1,C >0
. A2 A2 A\
Vo= —cief —ce? —Ne, ——+—=—cef —c,|le; +— | +
0 161~ Cpef —fyey — -t 161 — G\ et o
At
< —cjef + 10, = —ao(les]) + xo(1ALD)
2
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2nd order system:
é1=e; — A

: 1
€y = —WhXm, — 2{WnXem, + wir(t) — f —ng1 —A,
Vy = Vo 4~ kﬂ+h1 Al

1= VoT5 €2 0 2 L,

Letk1 Zul+u2andi1 =T1+T2
Use (u4, 1) to deal with the undisturbed system, and (u,, 7,)to deal
with A4, A,

Letz = (e; — ko), B = (€1 — wixy, — 2{wyxy, + wir(t) — f + pe,)

2

u; = — (e — wixm, — 2{wnXm, + wAr(t) — f + pe, + z)
L 2

u, = —(z + zp*)
)

T, =2zf
T, = z2(1 4 u?)

[ A2 A2 A e
; pyp2_ A, 2 72 71, 71 1
V < ,Llel llz + 4 + 4 + 4C2 = a1(|ez|) + X1<

Tuning law: I; = y(7; + 7,)
Control Law: u = uq + u,

Aq
A2|),Ve #0,A




Baseline controller for L1 adaptive controller

Coordinate transformation

X1 = los
x, = —oVsin(6,,)
u = tan(9)
Simplified tractor error model with lumped disturbances
Xl . O 1 0 (Al(xfw0> 1
()= o)+ Que+scom+(i L, "
* Assume [; is an unknown parameter with positive sign

—x%

) f( ) - Ri+x4
c G(x) = —L—lx/V2 — x%

w
Introduce baseline controlleru = k, x + ug 4, k,, = (ZC(Z )
n

X =Anx+ bm(f(x) + G(x)u) + A (2)
¢ flx)= fl)+(1+6(x))kIx

0 1
Am (w% —zcwn)
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Linear Parametrization of Nonlinear systems and Linear Time-Varying

representations of systems with unmodelled Actuator Dynamics

Approximate the nonlinear functions f(x) and G(x) to fit the £, architecture
X = Apx + by (f(x) + G(X)u)

Lemma A.8.1. Let x(t) be a continuous and piecewise differentiable function of t > 0. If
lx Mz, < pand|[x.|[;, < d,forT =0, wherepandd, are some positive constants, then

there exists continuous 0(t) and o(t) with continuous derivative such that forall t € [0, 7]

f0) = 6:(Ollxlleo + o¢ (1) (3)
where
af (t,x) af (t, x)
H I 1 < dfx((S), 5 < dft((S)

(conditions on Lemma A.8.1 hold for most of (x4, x,)-plane and around (0,0))

Partial knowledge of the system input gain
VZ
G(x) = w(t) € lw, w,] = le,L— , o=-1 4)
1
Architecture suited for controller
x = Apx + bp(0(@®u + 0:()llxll o + 0:(2) ) (5)
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L1 adaptive controller architecture

MRAC L,-adaptive control
Xm
Emlt) = Amxm (i) +bkgrit) r i . _ X
- ¥mil)= E‘T.t'.u'r“tl — kg kD(s) * = -: ; f-il-nlr +b {w“ +07x +g} >
Reference Model - .
r . H e T
=l ult) = —k, (Dx(t)+ kgr (1) > ';_:::;;f#_‘:‘i‘fz}""r’[“‘r}"'ﬁx x(t)) FoutdTxts Lyl i A c4b (:Lu+é"'_r+&) % ! -
i Control Law System —» j=c'x
-E.I.' - - A ~
k(1) = —Tx(t)eT (r) Pb o, 0,6 6 =T'Proj(f.—i ' Pbx) i
¢ =TProj(6.—x ' Pb) -
Adaptation Law & = I'Proj(é, —% | Pbu)
L1 Adaptive Controller
Xm (t) < > X(t) < > xref(t)
0 1 0 ) xref = Amxref + b(f(xref) + g(xref) * uref)
tm= (L2 _yee Jim+(,2)7C0 c(s)
wj —2{wy w5 Uper(s) = — (kgr(s) — nref(s))
. 1

« Tracking performance varies with I adaptation gain »  Guaranteed transients ||x — xref”[;1 =0 (ﬁ)
* High frequency adaptation leads to high frequency control signal «  w, bandwidth of C(s) limits high frequency components in u(t)
* 14 time delay margin decreases with T’ * 14 time delay margin decoupled from T’
* Adaptive parameters unbounded given input disturbance « Adaptive parameters adjust to guarantee transients

Figures 1.1 and 2.13 from Hovakimyan, N., &Cao, C. (2010). L1 adaptive control theory : guara

for Industrial and Applied Mathematics SIAM, 3600 Market Street, Floor 6, Philadelphia, PA 19



L1-norm condition and filter design C(s) = —2%25_ 1 = 20

1+wkD(s)’

H(s) = (sl — Ay) " 'by

wkD(s) L=max0,[G(s)l;, =lgellz, = j lg(D]dt ~ z g(kAt) At
C(s) = I ® 0 —
wkD (s) 1 wk
G(s) = H(s)(1 - C(s)) Di(s) = Pl Ci(s) = i

L{-norm condition

D, (s) s+ 30 C.(s) wks + 30wk
s)=—— > (C,(s) =
Gl L <1 ? s(s+60) ? s2 + (60 + wk)s + 30wk
0 = ‘ Ty
= N G, G,,
E . \\\ G . .
0 TN 0.8 f 2 0.6} 22
E 20 N | Y '| [
c | _—
& " o6 o6}
= = | —~ I| \
48 | i %) | %] |
=S =san T — | -/ |I |II
S _:—hﬁﬁf‘&x\ ——CA(s) g 0.4 -||I|I g 0471 'll'
ﬁ - \‘:‘H.\ E— CEI:S:I |II I'n 1 I"._ .
? 40 &\\ 02} \ o2t h
RN . e e
i H“H_‘: . ...________ . m____h____—_—:: o
-90 -H_\-\_\_\_\_\_\_\______ D -\-\-\_\_I\_\_\_\____I_____: D 3 i _|
10~ 100 10] 10° 10° 0 1 2 3 0 1 2 3
requency (rad/s)
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Example search for time delay margin for C;(s),k = 50, = 1000

Tractor offset
distance (m)

Tractor offset
angle (rad)

Front Wheel

0.5

o

-0.5

Los - L1 with varying T4

0 2 4 6 8 10 12 14 16 18 20
Time (s)
Oos - L1 with varying T4
/\f
N o024 ||
~A——0.245(7
| 0.25 {
[|——0.255|)
J|———0.26 |
| 1 | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
Time (s)
o - L1 with varying T4
\ A\ AR A ( IARRN \\ N 024 | |
| N “ “ | \ 11 ‘ ‘ \ \ \ ———0.245|/\
Lol | | ‘ | \ 0.25
- \ ‘ | ‘ f | | —— 0255
\ \ / ‘\ “ 1IN Wi \ \“‘\ | N\ i ‘ “ {026 ‘
iAW | / / /‘ \ ‘/ \ |V | 7 i
-1 L)\ W\ | RN |
AW/ ) Y W) ) ) , W*}U
| 1 | | | |
0 2 4 6 8 10 12 14 16 18 20

Time (s)

» Time delay margin based on when oscillations in (I,, 8,5) start to grow
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Time delay margin for varying k, C;(s), I' for MRAC and L;-adaptive control

L, time delay margin becomes constant at

El-ﬂfm delay with I" = 100, adjusting k

Tdilme delay with k = 20, adjusting I
A @ highT
I ] I Fa C.(s)] .
0.35 3 0.35 I 28
0al | ——Gf8) | | 1al | » Below I' = 25, system goes unstable
| MRAC | | » Much higher than MRAC time delay margin
02s| | | > Highe.r-order filter C,(s) improves time delay
| } margin at expense of performance
B o02f | 02
- High bandwidth (increasing k, C(s) =
015 0.15 kD(s) . .
- (S)) leads to loss of time delay margin
0.1 0.1
\ » Increasing bandwidth improves tracking
0057 0.05 N performance
0 0 .
102 10% 10* 10° 10°
I, 9 k < w, Bandwidth
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Example comparing performance between C,(s) and C,(s), k = 20, T’ = 1000

|

=
tn

Tractor offset
distance (m)

o

o
—
(¥
[
S
w
o
-
oo
4
-
S

Time (s)

¢ -L1
- oS
L =06
w4

C

5 Loa 18
S 2q2 A
O D
8 € ¢ [ E—
= © | | | T | | | | |

(=
-
%
[
B
)
o
-
oo
1

10
Time (s)
5 Controller Action

C,(s)
C,(s)
i _‘:j:$$$’_5::::j__‘“““““~— i i i
HﬂE

Front Wheel
angle (rad)
=

_L

1

» Example of slower transient for C,(s) for same k, T
» Higher order filter trades some performance for robustness (C,(s) has higher t,)
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Tractor offset
distance (m)

ooo
M = D

Tractor offset
=

angle (rad)

=
[N

wn

Front Wheel
angle(rad)
=

n
o

Increasing bandwidth k of filter improves tracking (transient speed)

L -L1
0s
._,.-"'_'_F x‘h‘\—_—-——.’_____ a f—
—20
—100
| | | | | | | | |
8 10 12 14 16 18 20
Time (s)
¢ -L1
0s
8
20
e ——100
| | | | | | |
8 10 12 14 16 18 20
Time (s)
(if - Controller Action
—8
—20
P m— 100
| | | | | | |
8 10 12 14 16 18 20
Time (s)

» At higher bandwidth, high frequency components noticeable in control signal
> Below k = 8, system is unstable as £;-norm condition fails
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Increasing I' adaptive gain improves tracking for £,

L _ -L1
os
3 E—
25
ué 50
g —100
@ —500
a I ' ' ' ' ——1000 [~
4 2 6 7 8 10000{10
Time (s)
¢ _-L1
(o}
3
—25
Hi: —50
g —100
c —— ——500
a ' m 1000 [~
4 3 6 7 8 10000/10 | call out
Time (s)
call out d; - Controller Action 1k
238 | \ —25
=3z T ——50
E E=2 1 . —_—— R S — T _— —100 |
o cC” - S -
II © 2 I I 1 1 I I I 1 ?EEU | DE
0 1 2 3 4 5 6 7 ] 1000010 0
Time (s)

» Higher frequency components more noticeable in control signal with higher gain (still
strongly attenuated) — control signal largely decoupled from T’

» Insignificant increase in performance above I' = 500
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System subject to constant input disturbance u(t) = ugq(t) + kIx + C,8 = tan™(u(t))

% E —03 % E —0.3[
Q@ —02 @ —02
— L2 - —_ L -
g5"° -0.1 g5 -0.1
8z ——o 5z —o
|_ — D i i 1 i i i i i 0.1 L |_ - 1 1 0.1 L
2 4 6 8 10 12 14 16 02 |20 14 16 02 |20
Time (s) —0.3 —0.3
¢ -L1
0s
35 3=
S 0.3 o -0.3
% £04 02 %E = —-02
£ 202 -0.1 £ 5 -0.1
g 5 —o0 g 5 —0
I_ D L == . . . . . 0-1 =} I— ! : + b 0-1 =l
0 2 4 6 8 10 12 14 16 0.2 |20 0 2 4 6 8 10 12 14 16 0.2 |20
Time (s) ——03 Time (s) ——03
) Adaptation - L1 Adaptation - MRAC
—0.3
—0.2
| 1 1 1 1 1 1 -0.1 1
4 6 8 10 12 14 16 31 20
Time (s) 0.2
—0.3

» L, adaptive parameter steady state values adjust
» MRAC adaptive parameters slowly diverge, becomes extremely stiff
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Comparing transient performance between MRAC and £, -adaptive control for

sinusoidal disturbance without retuning of I', u(t) = u 4(t) + kLx + Asin(10t)

——A=01
P ——A=1

A=2

Tractor offset
distance (m)
o
[#]
Tractor offset
distance (m)
o
(3] =t
o —
I
[
‘ ‘ |
= i =
[ —

5
-
9::? {_S‘R Time (s)
f‘-‘-’“‘\\\ ——A=01 i >
=3 -.\\ ‘hq‘-‘\

——A=1
A=2

Cb
=
>
O

e

o o

/./

Tractor offset

angle (rad)
/
/
Tractor offset
angle (rad)

= I

o ~ EX N
YA e BN~ S ~ e ~ =
1

(=
s
M2
(¥}
s
U-'l—'q
[s )]
-l
8s]
L}
a
=

I I
0 1 2 3 4 5 6 7 8 9 10

Time (s) Time (5)
Adaptatuon L1

Adaptatmn MRAC

gt - P — ————

— A=01 -

e _
3 _.-’f —A=1
/ A=2
Tractor Length (m)
0

1 2 3 4 5 6 7 8 9 10
Time (s) Time (s)

» L-adaptive controller keeps adaptive parameters bounded due to projection — equations
become excessively stiff for larger sinusoidal disturbances

» Indirect MRAC scheme designed with ISS-Backstepping has some robustness to
disturbances (design parameter u) — Still has unbounded adaptive parameters
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Adjusting bandwidth k subject, system subject to mid-frequency input

disturbance u(t) = uqq(t) + kIx + sin(10t), = tan~*(u(t))

L _-L1
15
——k=8
= ——k=9
@
£ E = _— k=10|-
° g ——k=11
G c —— k=12
= M
ol
= ©
| | |
8 10 12 14 16 18 20
Time (s)
g _-11
0s
06 — k=8
B k=0
= L k=10
3 04
%: g —— k=11
£ S o2r ——k=12
@ c s
“ f\/'\\./ . i -
% ol et \fﬁf\ﬂw A N N N N N N N N S NN
W
0.2 j’\/- I I I I I I
0 2 4 6 8 10 12 14 16 18 20
Time (s)

Adaptation - L1

| |
0 2 4 6 8 10 12 14 16 18 20
Time (s)

» Minimal improvement in tracking beyond k = 10 to disturbance sin(10t)
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-
T

—8
—20

Tractor offset
distance (m)

o
h
T

— 100~

Tractor offset
angle (rad)

10 15 20
Time (s)
6, -L1

10 15 20
Time (s)

Front Wheel
angle(rad)

Effects of input disturbance sin(10t) and bandwidth on control signal u,,(t) and u(t)

Control Signal

Front Wheel
angle(rad)

: L‘ | li\k,&, _‘ 't | |'= I | || | | H I ||||

Time (s)
Control Signal with disturbance

— 8
—20

5 10 15 20
Time (s)

» For all bandwidths, control signal u(t) similar although amplitude of u,;(t) differ
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Comparing response of MRAC and £L;-adaptive controller to state disturbances A

B; € [-0.3,0,0.3]

Tractor offset

Tractor offset

MES562

_ J— 3
E —03]  §
3 / —0 5
€05 / 0.3 £
0 . o
o Z ®
= =
- 0 - | 1 1 I | H
0 1 2 3 4 5 6 7 8 9 10
Time (s)
¢ ~-L1
05 ..u_j
SN ——-0.3 b=
/ \ S—
\\\\ 0 E
0.3 B
S &
1 ---H-‘-j‘-_"—-—-l-—i—' 1 1 l_
0 1 2 3 4 5 6 7 8 9 10
Time (s)
Adaptation - L1
o
r.ilr .l
& e
6 7 8 9 10

Time (s)

E 1 ~ — T =il
S 0. P .
B =
° ol—= I I
0 1 2 3 4 5 6 7 8 9 10
Time (s)
6 _-MRAC
oS
-*3 0. q{a‘:*‘:‘m —
Ly \‘:?"m —D
= 0. T
: N 0.3
S ——_—
o ' —= I
0 1 2 3 4 5 6 7 8 9 10
Time (s)
Adaptation - MRAC

-~ =

5 P — o L
’ 0.3

i i i i | i i i

Time (s)

» L adaptive controller can tolerate front wheel disturbances better than MRAC
> L,adaptive controller unstable beyond MRAC |5¢| ~ 0.5 rad, MRAC unstable beyond |g;| ~ 0.3 rad




Minimal difference in tracking a changing reference r(t) for constant I' between

MRAC controller and £;-adaptive controller

Tractor offset
angle (rad)

Tractor offset
distance (m)

8 10 12

Time (s)
d, - Controller Action

Tractor offset
distance (m)

Tractor offset

angle (rad)

16

Time (s)
6 Controller Action

14

16

f

E ] ——MRAC E T 05 ——MRAC
=3 —L L = ~;—; 0 S S R
C @ R | | | | . | | c® 1 I I I I

0 2 8 10 12 16 18 20 14 16 18 20

Time (s) Tme (s)
() rp(t)
» Expect transient performance of MRAC controller to vary significantly for different reference

inputs

» Equations become stiff for MRAC for more frequency piece-wise jumps in reference r(t)
while £;-adaptive controller has no such trouble

> Step-change in control signal at step-change in reference r(t)
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Summary of observations and Conclusions

L,-adaptive control MRAC
» Decouples T from u,,(t) using LPF C(s) » High adaptive gain I' leads to high frequency
> T (1) has minimal effect on time delay margin t, inputs u(t)
» Bandwidth k (1) improves tracking, allowing higher > Robustness (1) and performance (T) with T' (1)
frequencies in uq4(t), reduces time delay margin > Minimal time delay margin 7, which decreases
ta (V) with T
» Higher time delay margin t, for all cases tested » unbounded parameter drift to input
than MRAC disturbances u,(t)
» Lower frequency control signals for same > ISS-backstepping design may provide some
performance, same input disturbances u,; and robustness to input disturbances
same piece-wise continuous references r(t) > No guaranteed transients
> Guaranteed transient envelope ||x — x...f|| which » Cannot guarantee performance when r(t)
can be adjusted by tuning LPF C(s) and T changes

» L, adaptive control would help where transients risk destroying crops at corners of fields
» Possesses sufficient robustness to surface property and topological disturbances
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